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In the non-relativistic description of the reaction of composite particles, the reaction matrix is independent of the choice of post or
prior forms for the interaction. We generalize this post-prior equivalence to the relativistic reaction of composite particles by using
Dirac’s constraint dynamics to describe the bound states and the reaction process.
1 Introduction
In the non-relativistic description of composite particle
reactions, it is well known that the reaction matrix ele-
ment is independent of the choice of post or prior forms
for the interaction1. Specifically, for the reaction of com-
posite particles A, B, C and D with constituents 1, 2, 3,
and 4,
A(12) +B(34) → C(14) +D(32), (1)
the prior reaction matrix element between the initial
state |i〉 and the final state |f〉, 〈f |V13+V14+V23+V24|i〉,
is equal to the post reaction matrix element, 〈f |V13 +
V12 + V43 + V42|i〉, where Vij is the interaction between
constituents i and j. This equality follows if and only
if the interaction which induces the reaction is the same
as the interaction which generates the composite bound
states, and the reaction matrix element is evaluated using
these bound state wave functions. The post-prior equiv-
alence guarantees the uniqueness of the reaction cross
section in the Born approximation.
Recently there has been much interest in studying
the reaction of composite particles at relativistic energies
in nuclear and particle physics (see Refs. [2,3] and refer-
ences cited therein). It is clearly of interest to derive a
relativistic generalization of the post-prior theorem. We
shall briefly summarize the proof of the post-prior equiva-
lence in relativistic reactions of composite particles using
Dirac’s constraint dynamics 4. A more detailed descrip-
tion can be found in Ref. [3].
2 Relativistic 2-Body Bound State Problem
Before we examine the reaction of composite two-body
systems, it is important to discuss the structure of the
bound states. Much progress has been made in the study
of the relativistic two-body bound state problem using
Dirac’s relativistic constraint dynamics 4,5,6,7. This con-
straint formalism represents a simplified, yet complete,
resummation of the Bethe-Salpeter equation. It is similar
to many other three-dimensional quasipotential trunca-
tions, but has a number of advantages over many of those
approaches. We briefly review here the results for bound
states of spinless particles. One assumes a generalized
mass shell constraint for each particle
Hi|ψ〉 = 0 for i = 1, 2 (2)
where
Hi = p
2
i −m
2
i − Φi, (3)
and Φ1 and Φ2 are two-body interactions dependent on
coordinate x12. One constructs the total Hamiltonian H
H = λ1H1 + λ2H2, (4)
where {λi} are Lagrange multipliers. In order that the
constraints be compatible, we must have
[H1,H2]|ψ〉 = 0. (5)
The simplest way to satisfy the above condition is to take
Φ1 = Φ2 = Φ(x⊥), (6)
where
xν⊥ = x
µ
12(ηµν − PµPν/P
2), (7)
and P is the total momentum P = p1 + p2.
The equation of motion, H|ψ〉=0, describes both the
center-of-mass and the relative motion. To separate the
center-of-mass and the relative motion, we introduce the
relative momentum q
p1 =
p1 · P
P 2
P + q, (8)
p2 =
p2 · P
P 2
P − q. (9)
1
We then obtain H in terms of P and q:
H|ψ〉 = (λ1 + λ2)[q
2 − Φ(x⊥) + b
2(P 2;m21,m
2
2)]|ψ〉 = 0,
where
b2(P 2,m21,m
2
2) =
1
4P 2
[P 4−2P 2(m21+m
2
2)+(m
2
1−m
2
2)
2].
The equation of motion, H|ψ〉=0, can be solved by intro-
ducing the bound state mass M to separate it into the
following two equations for center-of-mass motion and
relative motion {
P 2 −M2
}
|ψ〉 = 0, (10)
(λ1 +λ2)
{
q2 − Φ(x⊥) + b
2(M2,m21,m
2
2)
}
|ψ〉 = 0. (11)
The equation for relative motion is independent of λi. We
go to the center-of-momentum system where q = q⊥ =
(0,q) and x⊥ = (0, r). It is convenient to choose λi =
1/2mi so that the equation for relative motion, Eq. (11),
matches the Schro¨dinger equation term by term:{
q2
2µ
+
Φ(r)
2µ
}
|ψ〉 =
b2
2µ
|ψ〉 = E|ψ〉, (12)
where µ = m1m2/(m1 + m2). From the eigenvalue of
this Schro¨dinger equation and b2(M2,m21,m
2
2) = 2µE,
we can obtain the bound state mass M given by
M =
√
2µE +m21 +
√
2µE +m22. (13)
3 Scattering of Two Composite Particles
For a system of two composite particles with a total of 4
constituents, we can similarly specify a generalized mass
shell constraint for each constituent:
Hi|ψ〉 = 0 for i = 1, .., 4 (14)
where 8
Hi = p
2
i −m
2
i −
4∑
j 6=i
Φij . (15)
We construct the total relativistic Hamiltonian as
H =
4∑
i=1
λiHi, (16)
and choose λi = 1/2mi. The total Hamiltonian is then
H =
4∑
i=1
p2i −m
2
i
2mi
−
4∑
i=1
4∑
j 6=i
Vij , (17)
where µij = mimj/(mi +mj) and Vij = Φij/2µij.
The quadratic form of the momentum operators p2i
in this 4-body Hamiltonian simplifies the separation the
center-of-mass momentum and the relative momentum
for any pair of particles. One can therefore use the two-
body Hamiltonians to generate basis states. Specifically,
we solve for the bound states ψij of massMij for particles
i and j interacting with the interaction Vij ,
Hij |ψij〉 =
{
p2i −m
2
i
2mi
+
p2j −m
2
j
2mj
− Vij
}
|ψij〉 = 0.
(18)
To study the relativistic constituent-interchange process
of Eq. (1) as a generalization of the non-relativistic case
investigated by Barnes and Swanson 9, we can partition
the total Hamiltonian into an unperturbed part H0 and
a residual interaction VI in two different ways. In the
“prior” form, this partition is
H = H12 +H34 − V13 − V14 − V23 − V24, (19)
H0(prior) = H12 +H34, (20)
VI(prior) = −V13 − V14 − V23 − V24. (21)
The corresponding “prior” reaction matrix element is
2piδ(4)(PA + PB − PC − PD)hfi(prior)
= −〈ψ14ψ23|V13 + V14 + V23 + V24|ψ12ψ34〉. (22)
If we represent the interaction Vij n diagrammatic form
9 by a curly line, the four terms in the above matrix
element are represented by the four diagrams in Fig. 1.
The interaction takes place before the interchange of con-
stituents.
C1
a c
A
B
C
D
C2
T1 T2
1
Fig. 1. ‘Prior’ diagrams for the reaction A+B → C+D.
On the other hand, in the “post” form of partitioning the
total Hamiltonian, we have
H = H14 +H32 − V13 − V12 − V43 − V42, (23)
H0(post) = H14 +H32, (24)
VI(post) = −V13 − V12 − V43 − V42. (25)
The “post” reaction matrix element is
2piδ4(PA + PB − PC − PD)hfi(post)
= −〈ψ14ψ23|V12 + V13 + V42 + V43|ψ12ψ34〉. (26)
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The four terms in the post matrix element are repre-
sented by the four diagrams of Fig. 2. The interaction
takes place after the interchange of constituents.
C1
a c
A
B
C
D
C2
T1 T2
1
Fig. 2. ‘Post’ diagrams for the reaction A+B → C+D .
If we start with the prior expression for the matrix
element, since H12|ψ12〉 = 0 and H34|ψ34〉 = 0, it follows
that
〈ψ14ψ23|V13 + V14 + V23 + V24|ψ12ψ34〉
= 〈ψ14ψ23| − H12 −H34 + V13 + V14 + V23 + V24|ψ12ψ34〉
= 〈ψ14ψ23| − H14 −H23 + V12 + V13 + V42 + V43|ψ12ψ34〉,
where we have used Eqs. (17) and (18) for the Hamil-
tonian of the system. Because H14|ψ14〉 = 0 and
H23|ψ23〉 = 0, the above equation leads to
〈ψ14ψ23|V13 + V14 + V23 + V24|ψ12ψ34〉
= 〈ψ14ψ23|V12 + V13 + V42 + V43|ψ12ψ34〉, (27)
which is the relativistic generalization of the post-prior
equivalence of the reaction matrix elements.
Just as in non-relativistic reaction theory 1, the
equivalence is possible if and only if the interaction which
induces the reaction is the same as the interaction that
generates the composite bound states, and the reac-
tion matrix element is evaluated using these bound state
wave functions. The post-prior equivalence guarantees a
unique result for the reaction cross section in the first-
Born approximation.
4 Conclusion and Summary
The formulation of the relativistic two-body bound state
problem in constraint dynamics allows a simple separa-
tion of center-of-mass and relative motion. The equa-
tion for relative motion can be cast in the form of a
non-relativistic Schro¨dinger equation in the center-of-
momentum system. The two-body bound state mass in
the relativistic case is related to the eigenvalue of the
Schro¨dinger equation by a simple algebraic equation, Eq.
(13).
The relativistic constraint dynamics can be general-
ized for a many-particle system. Using the two-body so-
lution as basis states for multi-particle dynamics, the N -
body Hamiltonian can be separated into an unperturbed
Hamiltonian and a residual interaction. The study of
the dynamics involves the evaluation of the reaction ma-
trix elements of the residual interaction using the wave
functions of the composite particles.
In rearrangement reactions, because of the the free-
dom of partitioning the total Hamiltonian into different
unperturbed and interaction parts, the evaluation of the
reaction matrix elements can be carried out either in the
post or prior forms. We show explicitly the equality of
the post and prior reaction matrix elements for relativis-
tic reaction of composite particles which guarantees a
unique perturbation expansion in relativistic reaction of
composite particles.
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